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A mathematical description is given for crystallization and cooling for drops of a 
one-component liquid during granulation in an ascending coolant flow. An algorithm 
is proposed. 

In somemethods of calculating granulationfor liquid drops [1,3] such as ammonium nitrate, 
carbamide, NP fertilizers, and sulfur, where coolant flows in a granulation towe~ or column, no 
allowance is made for the initialsupercooling or for the relationship between the temperature 
at the phase front, which is related to the linear rate of crystal growth, or for the heat loss 
to the coolant, which varies over the surface of a drop, although it has been demonstrated by 
experiment that these factors are relevant [i, 4-6]. 

We give below a model and a method of using it with these factors. It is assumed that a 
drop is initially spherical and the rate of heat loss to the coolant is variable over the 
surface, being represented by standard relationships [7] for single drops, with serial crystal- 
Iization occurringwi~h a prominent phase boundary and with pronounced boundaries for the modi- 
fication transitions. It is assumed that the density difference between the:liquid and solid 
results in an enlarging shrinkage cavity at the center, whose shape is determined as far as 
possible from the conditions for minimum surface energy. The:channel joins the shrinkage 
cavity to the atmosphere is taken ascylindricaland having0.15 of the granule diameter, 
which corresponds to that observed in crystallized granules. :The temperaturedependence of 
the density means that there is also distributed shrinkage in the crystalline framework in 
the form of micropores and cracks. The shrinkage volume is calculated at each time step from 
the mass conservation conditions. With various substances Chere carbamide and sulfur), an 
initial supercooling tp, ts precedes the crystallizationi[4-6], which isrelated tO the 
onset of heterogeneous nucleation in the surface layers, which has beenidentified by experi- 
ment [4, 6, 8, 9]. The speed Wp of the polycrystalline front is dependent on the supercooling 
(tp--t~) . We have used the experimental data of [8, i0] on the crystallization kinetics of 
carbamide and sulfur in capillaries on the basis of the temperature discrepancy between the 
phasefront and the thermostat. The specific coolant flow was calculated from standard re- 
lationships [I!] for the interaction of a continuous phase with a jet of a dispersed one. 

The following equations describe the heat !transfer in the phases, at the interphase 
boundaries, and at the outer boundary of drops in the polydisperse mixture: 

X [ ki -at~ 1--C~p~ at~j = o ,  i = o ,  I, 2 . . . . .  I; i = 1 ,  2 . . . .  d. 

The initial conditions are 

(i) 

t~j = to-Lr~ const, 0 ~< rj ~< Rj; {~ .j ----- Rj + 0; r s j - -  0; to - to (H). 

The conditions at the boundary of the shrinkage cavity are 

(2) 

0t~j _ 0, 
On~ 
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where 

~ I~ ( ~ ) = ~ ~ ( ~ ) Pl (tf)Poin-- POin, . F svsj~ -+ _( ~ F s  j \~.nin 

v~ ( , ) :  vaj(z) <pi > + Ooj(X) ( p o > - - v P o i n ;  

< PI> 

I ~ 2 ( p~ > = 2~x j" p, (r j, ~s) ri sin epfltpflrj; 
olj rpj o 

i < p0 > : ~ 2~ [ p0 (r j, ~j) r~ sin cjd~jarj; 
UOj ryj 0 

and those at the phase boundary are 

(3) 

~i+i Oh+lj ~,i c]t~j 
Onj Ony = Lp piwp2, 

0 at rpj----- R~ + 0 and tii ~ t,~, 
~Vpj = f~. [tp - -  i ~  l at rp j  < / ~ ] ;  

(4) 

(5) 

(6) 

and at the outer boundary of the drop 

~cJ [ [ i J  - -  t e  (%')1 = - -  )~i C / t i j  
On; (7) 

The local values of the distributed porosity in the rigid crystalline crust ~(rj ,  cpj) 
at a given instant are defined by 

, ( r  j ,  q)j) - -  11 (r~, (pj) - -  Pl (i(p) 
Pl ( r i ,  q>,~) 

The heat balance between the crystallizing granules and the coolant in an elementary part of 
the apparatus of height dH takes the form 

i ~ -~  (~02" [tiJ -- tc'(x)]sin~)'dep, _ l - ~ p ( R , ) d R f l H  = - -  2--~'GCepodte �9 
w j  3 (8) 

System (1)-(8) is closed by 

IV j ~ _ W._.~, (9) 

where 
�9 I t  (R j )  

wo i dR, " " =  .f w,d . - G ~p (RA Wo ' 

Pc o Wp 8 o 

System (1)-(9) can be solved by numerical methods such as finite differences. One approxi- 
mates (1)-(9) by an inexplicit finite-difference analog nonlinear with respect to the values 
of the net function at a given time step: 

(Cp){+rA~T ~+' = %1 +' (T) A~jT s+' + X~ (T) ACjT s. (io) 

The initial conditions are 
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Fig. i. Variation in the temper- 
ature at the center tce and at 
the surface tsu in a granule; the 
solid lines are the results from 
high-speed thermal analysis, 
while the dashed and dot-dash 
lines are calculations with vari- 
able and constant ~c at the sur- 
face of a granule correspondingly 
(R = 1.3 mm, tc = 25~ to = 1370C, 

Wp = 2 m/sec), t, ~ T in sec. 

7 '  : to : const, rpj ~ R~ + 0; rsi  ~-  0; Tc : te (H). 

The boundary conditions are 

(il) 

A'njT s+l : O, where -s+lvy/ : ul/-s+1 . . . . .  Pz(tp)--Poin, __-FsJ ~- ( ~ L i n ;  
P~n vs/ 

S+I S-'~I 
�9 ~+~ vi i  < Px > 4- Ooi < Po > - -  rOe, in.  

<P,,o>- 1 2: X X P l , o ( r j ,  %)r~sinqDjA%Ao; 
~)l,oj (Arj) (Aqgj) 

TS.+l ,r,s+l. 
z = Z i + l "  

s+l �9 A-S+2 
Zi+l (T) A'dT s+' - -  Xf +1 (T) A,IT~+' = Lpp, ~AJT ; 

As+2 { "pi , 0 for r p j ~ R s + O a n d  T s + l > t s i ,  

AT [2 [tp -- T~ +Z] for rp7 < R.~; 

aoj [r~ + '  - - -  T~ +']  = -- ~.~+' (T) A~/T ~+1 . 

System (10)-(16) is closed by 

(12) 

( 1 3 )  

(14) 

(15) 

(16) 
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where 

X ~-J - - ~ j L  ~ X 1 r [T~+I __ 
l=1 ]=1 x = l  

1 T~ +~ ] sin q~jAq~j 
L 

A~p (R,.') Ahz : - -  2 GCcpo X AT~', 
. l=!  

L 

Ah = .f w,d., " =  X A.,; 
A'~(R]) 1=1 

%Fj = Vp W~ 
F~. 

(17) 

( 1 8 )  

where 

Po (1 - -  ~) Wo J ARj 
pc = -6- (Re) 

f=1 Wp 
8 

The n o n l i n e a r  d i f f e r e n c e  analog (10 ) - (18 )  of  ( 1 > - ( 9 )  was so lved by means of  the a l g o r i t h m  
proposed i n  [12] i n v o l v i n g  the  use o f  mobi le  nodes i n  the c e l l s  of  the s p a t i a l  ne t  through 
which the c r y s t a l l i z a t i o n  and p h a s e - t r a n s i t i o n  f r o n t s  pass. Al lowance i s  made f o r  the po- 
s i t i o n s  of thephase boundaries, thetemperatures at them, the temperature patterns in the 
phases,,the shapes and sizes of the shrinkage cavities, and the parameters described by (18) 
derived from the previous iteration s in order to calculate the distribution of the net 
functions in the phases in iteration s +l bysuccessive solution involving fitting [13] the 
one-dimensional equations of(10) along all the axes r..The resulting data are used with 
(13).and (14) to determinethe phase-boundary displacements, while (15) gives the temper- 
atures at them, and then one calculates the volume of the crystallinephase in a drop, and 
from (12) derives the volume v s+~ of the shrinkage cavity, with the shape (as far as Si 
possible):taken as spherical, and in the subsequent calculations taken such that Fsj/vsj-+ 
min. This condition isrealized by selection overthe sectors such that the ratio of the 
total increment inthe surface.of the shrinkage cavity by sectors to the volume is minimal. 
In, that way, one determines the coordinates ofthe boundary to the shrinkage cavity in each 
sector, aswell as the shape and dimensions as a whole, Asweknow the temperature distri- 
bution in the drop and the temperature dependenceof, the phase densities, one can use the 
conditions for conservationof~the~crystalline-phase volume with (12) to calculate the 
porosity of the crystalline framework. These calculations are performedat a. given time step 
for all fractionsinthe.pol-ydispersemixture. If .the calculated values donot coincide 
with the specified oneswithim the.specified accuracy, the.iteration isrepeated. When one 
implements nonlinear difference analogywiththisalgorithm, transversefitting (on the ~' 
amis) is eliminated ~by comparison:with the additiveand factorization schemes of [13]. The 
convergence of the iteration can be accelerated by standard methods [14]. The errors in 
the solutions havebeenevaluated byRunge's method involving varying the space and time steps 
by factors of :two and four. With an accuracy sufficient forengineering calculations (error 
less than 5%), the time step was chosen such that the region was split up into ten sectors 
in~ with ten modes inr, while the polydisperse mixture was divided into five fractions by 
Rj. In 3-4 iterations with only.the useof halving,.the, discrepancies in rfj and the temper- 
aturepattern did, not exceed.3%. The thermophysicalparameters were taken fromthe reference 
literature [4, 5]. 

In the particularcase where the heat loss rate is assumed: constantover the surface, 
(1)'(9) imply a description that hasbeen used by ourselves and:others to calculate granu- 
lation for moltenammonium nitrate [I, 15], carbamide [2, 10], sulfur [8, 9], andother 
substances [3] in towers and columnsemploying liquidcoolants [12]. However, it has been 
shown[12] that that assumption gives marked distortion for ammoniumnitrate as regards the 
size andshape of the shrinkage cavity, the temperature pattern, and the positions of the phase 
boundary andtheboundaries.betweenthemodifications. In relation to carbamide and sulfur, 
it is necessary to incorporate the initial supercooling and the dependence of the temperature 
at the phase front onthe linear growth rate. As an example, we give calculations on the 
crystallization ofcarbamide in towers. 

One can compare the calculations with variable and constant transfer rates with results 
fromhigh-speed thermal analysis [4], which shows that there is better agreement in the 
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Fig. 2. Positions of crystallization and shrinkage-cavity 
fronts in a granule at various instants (left)and of tem- 
perature patterns (right): a) T = 1.5 sec; i) i280C, 2) 131, 
3) 130, 4) 126, 5) 124, 6) 122, 7) 120, 8) 118; b) T = 3.0 
sec; i) II0~ 2) 115, 3)120, 4) 125, 5) 130, 6)129; c) 
T = 5.0 see: i) 90~ 2) i00, 3) 105, 4) 125, 5) 130 c) 132, 
d) T = 7.0 sec; i) 507C, 2) 55, 3)60, 4) 65, 5) 70 (R = 
I ~, tci n = 20~ to = 137~ G = 20 (kg/h of coolant)/ 
(kg/h of product),~Wp = 0.44 m/sec, and Win = 2 m/sec). 

Fig. 3. Calculation results (conditions as in Fig. 2): a) 
solid line for variable rate of heat transfer to Coolant, 
dashed line for rate constant over the surface, T = 4 sec: 
i) 120~ 2) 100, 3) 130; b) solid lines by calculations with 
allowancefor the initial supercooling and mp=f[fp-t~] 
dashed lines calculations without allowance for crystallization 
kinetics, T = 3 sec: i) II0~ 2) 120,..3) 129, 4) 130, 5) 136. 

first case (Fig. i). 

As examples, we show :individual calculated projections of the phase boundaries and 
shrinkage cavity, aswell, as the isothelrms,at various instants, which indicate the crystal- 
lization dynamicsand the formation of a shrinkage cavity in adroplet in a polydisperse 
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mixture in a granulation tower (Fig. 2). The low nucleation rate for carbamide means that the 
droplets at first become very muchlsupercooled (Figs. i and 2): experiment shows [4], which we 
have confirmed for various droplet sizes and cooling rates with Kazakova'shigh-speedthermo - 
graph, that on attaining ts -----9OaC at the surface, crystallization begins; the heat loss from 
the phase front to the coolant and into the supercooled liquidmeans~thatthe crystallization 
rate is initially veryhigh, andthe crystalline crustgrows more rapidly than in granulating 
ammonium nitrate with ~c variable [12]o The high rate and the high latent heat of crystal- 
lization for carbamide mean that the supercooling is rapidly eliminated (Figs. i and 2), and 
the probability of bulk crystallization is reduced, as is that of instabilityat the phase 
boundary. 

The crystalline crust bringstogether the edges of the depression formed at the rear of 
the drop on account of the opposing flow of air, and then the shrinkage cavity extends into 
the drop and takes aform providingminimal specific surface (Fig. 2). At the end, the volume 
of the shrinkagecavityis about 4.5%, while thevolume of the external shrinkage (reduction 
in droplet sizedue to density difference betweenthe l$quid and crystalline phase when not 
all the surface is coveredby the crystalline crust) is on average 3% of the granule volume 
for each fraction, which agreeswell with results obtained~bymercury porometry and by pycno- 

metric methods as well as by observation of sectioned granules under the microscope. It has 
previouslybeen found [12] that there is good agreement~between an analogous calculation and 
experiment for ammoniumnitrate granules. Qualitative principles have been formulated [16] 
on the formation of shrinkage cavities, obedience to whichenables one to obtain ammonium 
nitrate and carbamide granules withsmooth surfaces (without channels linking the shrinkage 
cavities to theatmosphere), which are suitable for encapsulation in polymers [12, 16]. 

If one ignores thevariable heat transfer, one distorts the dynamic expansion of the 
crystalline phase, although theerror in determining the complete crystallization time is 
small. In that case, one cannot calculate correctly thesize and position inthe granule of 
the shrinkage cavity o~ the position Of the crystallization boundaries and the temperature 
Patterns (Fig. 3a). 

If one assumesthat the polydisperse mixture is in fact monodisperse, one underestimates 
the crystallization times for the largefractionsRj = 1.0-1.5 mm by 10-15% with specific 
coolant flows G~IO. At smaller G (such as tend to be usedin making fertilizers), this 
error increases substantially. 

Ignoring the initial supercooling and the dependence of the linear growth rate on super- 
cooling reducesthe complete crystallizationtime by 15-20% for carbamide or by 60-100% for 
sulfur, the exact cooling conditions and granule size affecting the values. Figure 3b shows 
also that the temperaturepatterns and the positions of the crystallization boundaries are 
distorted. 

This aspect must be borne in mind in detailed calculations on granulation in a coolant 
flow. 

NOTATION 

C, heat capacity; Fs, surface of shrinkage cavity, =cj, known [7] function for heat- 
transfer coefficients=of single particles;f2, supercooling dependence of the linear growth 
rate of the polycrystalline front for carbamide [i0] and sulfur [8]; Wp, known function for 
velocity of falling particles injected at an angle to the horizon [17]; We. G, known [ii] 
functions for velocity of solid phase and specific flow rate of coolant in injection jet; G, 
coolant specific flow rate; G0, melt flow rate; H, height of tower; Lp, heat of phase con- 
version; n, normal to isotherm; R, r, rp, rs, dro p radius, current radius, phase conversion 
radius, and radius of shrinkage cavity, respectively; T, value of net function; t, temperaturef 
tp, thermodynamic temperature of phase transition; ts, initial drop supercooling [6, 9, i0]; 
v, v0, vl, Vs, v~, volumes of drop, melt, crystalline phase, shrinkage cavity, and distri- 
buted shrinkage; Wp, normal velocity of phase boundary; Wj, Wi, velocity of fraction j rela- 
tive to apparatus walls and of entry from granulator; J, J, fraction number and number of 
fractions; s, iteration number; =, heat transfer coefficient; Ar, A~, difference analogs of 
heat-conduction operators in spherical coordinates r and ~; A ', difference analog of the first 
derivative;~, thermal conductivity; p, density;~, angle reckoned from the flow axis; �9 , time; 
~p~Rj)dRj, fraction of size Rj in mixture; ~, porosity; A, finite increment. Subscripts: 0, 
melt; i, 2, ..., crystalline phases of modifications i, 2, ...; in, initial; t, total, c, 
medium (coolant); s, shrinkage; p, phase. 
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